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Abstract 


In this article we establish an analogue of the Barth-Van de Ven- 
Tyurin-Sato theorem. We prove that a finite rank vector bundle on a 
complete intersection of finite codimension in a linear ind-Grassmannian 
is isomorphic to a direct sum of line bundles. 

1. Introduction 

The Barth-Van de Ven-Tyurin-Sato theorem claims that any finite rank 
vector bundle on the infinite complex projective space is isomorphic to a 
direct sum of line bundles. For rank two bundles this was established by Barth 
and Van de Ven in [1], and for finite rank bundle it was proved by Tyurin in 
[10] and Sato in [6]. In particular, the Barth-Van de Ven-Tyurin-Sato theorem 
holds for linear ind-Grassmannians and their linear sections [2, 9, 14, 8]. 

In this work we will extend these results on the case of a complete intersec¬ 
tions in linear ind-Grassmannians. The ground field in this work is C. 

First, we recall the definition of linear ind-varieties in general and linear 
ind-Grassmanninans studied by I. Penkov and A. Tikhomirov in [14, 8, 7[ in 
particular. 

Definition 1. An ind-variety X = lirpAm is the direct limit of a chain of 
embeddings: 



( 1 ) 


where Xm is a smooth algebraic variety for any m > 1. 

Definition 2. A vector bundle E of rank r > 0 on X. is the inverse limit 


( 2 ) 


E = ^m Ern 


of an inverse system of vector bundles {Em,}m>i of rank r onX (i.e., a system 
of vector bundles Em with fixed isomorphisms Em — 4>m^rn+i)- 
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In particular, the structure sheaf Ox. = of an ind-variety X is well 

defined. By the Picard group PicX. we understand the group of isomorphism 
classes of line bundles on X. 

Definition 3. An ind-variety X is called linear, if a line bundle Ox(l) = 
]^Ta Ox^ (1) is defined on it, where for each m > 1 the line bundle 0x^(1) i^ 
ample on Xm- 


1. Linear ind-Grassmannians and complete intersections in them 

For integers m > 1, Um and km satisfying 1 < km < rim consider the 
vector space 1/"'" of dimension Um and the Grassmannian G{km,nm) of km- 
dimensional vector subspaces in P"’". Consider as well the Pliicker embedding 
of G{km,nm)- = P(A^'"), where Nm = 

We define the ind-Grassmannian G : = G(oo) as the direct limit lin^ G(fcm, rim) 
of a chain of embeddings: 

G(fci, ni) ^ G(fc2, 712 ) ^ ^ G{km,rim) ^ , (3) 


with conditions 

lim km = lim (um - km) = 00 . 

m—¥co m—foo 

Further on we assume that the ind-Grassmannian G is linear, i.e., it has 
a line bundle Gg(1) = ^^^G{km,nm)i^)t where the class of the line bundle 
^G{km,nm)i^) generates Pic{G{km,rim)) for all m > 1. 

Since G is linear the embeddings 


0m-l 


G{k„ 


. 0m , . 0m+l 

i) G)km+1, rim+i) ^ ^ 




can be extended to linear embeddings of Pliicker spaces 

{. . . + _}, 

Next, for I > 1 and di,d 2 , ■■■,di > 1 consider the linear ind-subvariety X 
of the linear ind-Grassmannian G that is the direct limit X = liuj Xm of the 
following chain of embeddings 


V r TT '^1 TT 0m-l 4>m , , , 

X {Xi ^ X 2 ^ Xm ^ (4) 

Here Xm is the intersection of the Grassmannian G{km,rim) C with 

I hypersurfaces Fi,m, L 2 _m, • ■ •, C P^™“i of fixed degrees degli^m = di, 
i = 1 ,..., /, m > 1: 


i 

Xm — G(^km,rim) Fl X^ m: OOdim^^/,,^ — 1. (5) 

i=l 

Definition 4. The constructed ind-variety X is called a complete intersec¬ 
tion of codimension I in the linear ind-Grassmannian G. 
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In other words, the ind-variety X is an intersection of the ind-Grassmannian 
G with ind-hypersufaces Yi , Y 2 ,..., Yi in the linear ind-space P°° = 



( 6 ) 


For i = 1,I number deg Yi := deg = di, m > 1 is called the degree 
of the ind-hyperusrace Yi b P°°. 

The main result of this work is the following theorem. 

Theorem 1. Any vector bundle of finite rank on a complete intersection X C G 
of finite codimension is isomorphic to a direct sum of line bundles. 

Acknowledgement. I would like to thank my PhD advisor A.S. Tikhomirov 
and A. Kuznetsov and D. Panov as well. 

2. Preliminary notions and the idea of proof 

To explain the idea of proof of Theorem 1 we will need to give some defini¬ 
tions and recall the main results of articles [12] and [13]. 

Definition 5. Let X be a projective variety with an ample line bundle Ox(l)- A 
projective space in X a subvariety M ~ P’’ m A such that Ox(1)|m — Ovr(\). 
In the case dim(M) = 1 we call M a projective line or just a line in X. 

Using Definition 5 we can give the definition of projective subspace in an 
ind-variety X. 

Definition 6. A projective space in X is a variety M ~ P*" m X, such that 


C^x(1)|m — Opr{l). 


Definition 7. A pathpn{x,y) of length n on an ind-varietyX connecting points 
X and y, is a collection of points x = Xo,Xi, ...,Xn = y in X and a collection of 
projective lines lo,...,ln-i e X such that Xi,Xi+i G li. 

The variety of all length n paths connecting x and y is denoted by Pn{x,y). 

Definition 8. Linear ind-variety X is called 1-connected, if for any two points 
x,y G X there exists a path connecting x with y. 

Definition 9. We will say that a vector bundle E on X is trivial on lines if 
for any projective line I on X the restriction E]; is trivial. 

Definition 10. Let E be a rank r bundle on a linear variety X. The splitting 
type of the bundle E on a projective line I C X is a collection of numbers > 0 
and Oi € Z, i = I,..., s such that 


E]i = riOpi (oi) 0 r20pi ( 02 ) 0 ... rgOpi (ag) 


U ai > 02 > ... > Og, 

A bundle E is called uniform, if its restriction to all projective lines has 
the same splitting type. 
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We will need to use several results of articles [12] and [13] on complete 
intersections X C G, that we recall now for convenience. 

Theorem 2 (]12]). Let X be a complete intersection of G(n,2n) embedded by 
Pliicker with a collection of hypersurfaces of degrees di, ...,di : X = G(n, 2n) fl 
//2E.K + 1) < [^], then the variety Pn{u,v) of length n paths 
connecting any two points u,v in X is non-empty and connected. 

We will also need a corollary of this theorem for the case of complete inter¬ 
section in G{k, n). We will assume k < [^]. 

Corollary 1. Let X be a complete intersection of G{k,n) embedded by Pliicker 
with a collection of hypersurfaces of degrees di, .■.,di : X = G{k,n) n Hti 
If 2,'Yfi{di -f 1) < f < [f-] then the variety Pi~{u,v) of length k paths connecting 
any two points u,v in X is non-empty and connected. 

Proof. We will assume that points u and v in G{k, n) are generic in the case 
when the points are not generic the proof goes in the same way the proof of 
Theorem 2, see ]12]. 

Let U and V be the fc-dimensional spaces corresponding to the points u 
and V of G{k,n). To construct a path pk{u,v) connecting u and v consider 
the Grassmannian G{k, 2k) = G{k, 17 © G) of fc-dimensional spaces in the 2k- 
dimensional vector space 17 © 1^. It is easy to prove that any path pk{u,v) 
of length k in the Grassmannian G{k,n) is contained in the Grassmannian 
G{k,U © V). So all length k paths connecting u and v m. X are contained in 
G{k,U®V). 

Consider now the intersection G(fc, 17©17)nP]*^j^ Yi C X. By Theorem 2 the 
variety of paths Pk{u, v) of the intersection G{k, 17 © 17) fl Yi is non-empty 
and connected. It follows that the variety of paths Pk{u,v) in X is non-empty 
and connected as well. □ 

Proposition 1 (]13]). Consider the Segre embedding o/P*xP™ 

Chose natural numbers {k,d) such that 2kd < min(l,m). Then for any variety 

Y in p(*+i)(™+i)“i whose irreducible components have codimension at most k 
and degree at most d the variety T n P* x P™ is 1-connected. 

Lemma 1 (]13]). LetYi,...,Yi be hypersurfaces of degrees di, ...,di m P". Let 

Y = Yi n ... n Y; and let C Y be a k-dimensional projective subspace. There 
exists a projective subspace P^+i c Y containing P^ if the following holds: 



Theorem 3 ([13]). Any finite rank vector bundle Pi onX is uniform. 
Finally we list the steps in our proof of Theorem 1. 

^i.e., the intersection of the corresponding fc-planes is 0. 
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• We prove first that any finite rank vector bundle E contains a flag of 
subbundles 0 = Fq C Fi C r 2 C ... C Eg = E such that each quotient 
Fi/Fi_i is a bundle trivial on lines twisted by 0{ai) for 1 < i < s. 

• Next we prove that every finite rank bundle on X trivial on lines is trivial. 

• Finally, using Kodaira vanishing theorem we prove that the bundle E splits 
as a sum ©iFi/Fi_i. 


3. Constructing a flag of subbundles in E 

In this section we will construct a flag of subbundles in a rank r vector 
bundle E on a complete intersection X C G of finite codimension. 

Before doing this formally we will describe the main idea. 

Chose a point a; £ X and consider the fibre Ej, of E over x. According to 
Grothendieck’s theorem ([4] Theorem 2.1.1), for any projective line I passing 
through X the restriction Ej; has a canonical flag of subbundles 0 = Fq C Fi C 
... cFg = E|,. 

Hence, we get in E^, a flag of subspaces that we denote by F(x, 1). A priori 
the flag F(a;, 1) might depend on the choice of I passing through x but we will 
show that this is not the case. 

Let Bm{x) be the base of the family of lines on passing through a;, 
considered as a reduced scheme. We will show that the map from B^ix) to the 
space of flags E^, that associates to each line I C Bm{x) the flag F{x,l) is a 
morphism for all m. After that we will apply the following theorem. 

Theorem 4. For any d there exists a number M := M{d) such that for any 
m > M any morphism from Bm{x) to a projective variety of dimension less 
than d is constant. 

3.1. Proof of Theorem 4 

We will start by analysing Bm{x). Recall that for i = 1,...,/ the number 
di = deg Yi^m, m>l denotes the degree of the hypersuface Yi^m- Denote by 
the projectivised tangent space to the Pliicker space at point x. 

Proposition 2. Bm{x) is given by the intersection with 

di hypersurfaces in P^™“^ of degrees no more than maxi{di). 

Proof. The base of the family of lines passing through x on G{km,nm) is 
^ gp ji; jg enough to prove that for any i the space of lines 

on Yi^rn passing through x is the intersection of di hypersurfaces in P^"*“^. 

Let us introduce homogeneous coordinates {zq : zi : ...) on Let 

a; = (1 : 0 : : 0), then (zi : Z 2 '■ ■■■) are homogeneous coordinates on P;^"*“^. 

Let us write the equation of the hypersuface Yj in the form 

F = Fd-(^i : Z2 : ...) + ZqFj_^_i{zi : Z2 '■ ■■■) + ... + z^’ ^Fi(zi : Z 2 ■ ■■■) = 0. 
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Then the variety of lines on Yi^m passing through x is given in ^ by a 

system of di equations 

Fdi{zi ■ Z2 ■■ ...) = Fdi-i{zi : Z2 : ...) = ... = 0 
of degrees — 1,..., 1 correspondingly. This proves our claim. 

□ 

Proof of Theorem f. Note that for any d there is a number M such that for 
any m > M the following two conditions hold: 

1) The variety Bm{x) is 1-connected. This follows from Proposition 1 to¬ 
gether with Proposition 2. 

2) Any projective line on Bm{x) is contained in a projective subspaces P”* C 
Bm{x) of dimension d. This follows from Lemma 1. 

From conditions 1) and 2) it follows that any morphism from Bmix) to any 
variety of dimension less than d is a morphism to a point. Indeed any line in 
Bm{x) is mapped to a point since it is contained in some P^ (which in its turn 
has to be mapped to a point by [11], section II, § 7, exercise 7.3a). Since any 
two points in Bm{x) are connected by a chain of lines, the whole variety Bm{x) 
is mapped to a point as well. □ 


3.2. A standard lemma 

Further on we will need the following standard fact. 

Lemma 2. Let X, Y, Z be projective varieties and suppose that Y is smooth. 
Suppose we have morphisms p : X ^ Y and n : X ^ Z such that the fibres of 
the morphism p are contained in the fibres of the morphism n. Then there is a 
morphism f :Y ^ Z such that f op = tt. 


X 


p 


Y 


Z 


/ 

A 


/ 


Proof. Consider the morphism cj) : X ^ Y x Z, 4>(x) = {p{x), 7r(a;)) and denote 
by p', tt' the projections of T x Z on Y and Z correspondingly. 



Z ^—-Y X Z 

•n 


Note that the projection p( : (fifX') —F is an isomorphism ([15], section II.4, 
Theorem 2) since by our assumptions the projection p' is a bijective morphism 
and Y is smooth. The desired morphism f \ Y Z is given by the composition 
f = tt' op'~^. □ 
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3.3. Constructing a flag of subbundles in E on 

Finally, we start to construct the flag of subbundles. Let Bm be the base of 
the family of lines on Let us consider the following set 

Lm — ^ ^ B'j^\x G /} 

as a reduced scheme. Denote by pm ■ F^ —>■ Xm the morphism such that 
Pm{x,l) = X. 

Recall that E|x„ = B^a and the rank of is r. The fibre at point x S X^ 
is denoted by Em{x). 

According to Theorem 3 the bundle Em is uniform. So for any line I € Bm 
we have the following splitting 

S 

Em\i = 0r2Opi(a2) 0 ... 0 rsOpi(as), ai > a2 > ... > a^, = r, 

i=l 

where Vi and do not depend on the choice of the line 1. 

Theorem 5. Let X = liu^ Xm be a complete intersection of codimension I in 
the linear ind-Grassmannian G. For any m > 1 the bundle Em on Xm has a 
flag of subbundles 


0 = FoCFiCF2C...CF, = Em 
such that for any line I € Bm 

Fill = riOpi{ai) © ... © riOpi{ai), I <i < s. (7) 

Proof. It is sufficient to prove this statement for all m from Theorem 4 that 
are larger than M(2r). Let := Em- Let 

©r(ri,F;(i)) = IJ G(ri,F;(i)(x)) 
xeXm 

be the grassmannisation of the bundle i?(i) with its natural projection pi : 
©r(ri,E(i)) — >• Xm, where pi : (x, riOpi(ai)b) h->- x. Consider the morphism 
TTi : Tm —t ©i^(ri,E(i)) where tti : {x,l) i—>■ (a;,riOpi(ai)|a;). Let us show that 
the fibres of the morphism pm ■ (x, 1) i—>- x are contained in the fibres of the 
morphism tti . Indeed, for any point x G Xm the fibre (cc) of the morphism 
Pm is isomorphic to the base of the family of lines passing though x on Xm- 
The morphism tti sends to ©c(ri,i5(i)(x)) and this map is a map to a 

point according to Theorem 4 since dim©r(ri, < 2r. 

Consider the following diagram: 


Pm 


©r(ri,F;(i)) 
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The existence of the section fi of the projection ipi follows from Lemma 2 in 
which we set X = Y = X^, Z = ©r(ri,i5(i)), p = Pm, tt = tti. 

Denote by &rx the tautological ri-dimensional subbundle in Lp\E(^iy Apply¬ 
ing the functor /* to the monomoprphism of bundles 

ri : 6^1 —^ 

we get the following monomorphism of bundles: 

/fn : n&r, ^ 

Denote £1(2) = ^(i)/A*Sr^ i consider the grassmannisation 

0r(r2,£;(2)) = y G{r2,E(2){x)) 

xeXm 


of the bundle £ 1 ( 2 ). 

We get the following diagram 


■X„ 


h 


©r(r2,£l(2)) 



where the existence of the morphism /2 follows from Lemma 2 in the same way 
as the existence of the morphism /i. By the same considerations as before we 
get the embedding 

/2V2 : /2*6,, ^ £1(2). 

Denote 

E(Z) = £ 1 ( 2 ) 

Repeating our previous considerations we get a family of epimorphisms of 
bundles: 

£1(1) £1(2) £l(s+i). 

We associate to it a family of subbundles in £l(i): 


0 = Fo C Fi C F 2 C ... C Fs = F(i) 
such that for any line I € Bm 

Fi\i = riC>pi(ai) © ... © riOpi(ai), 1 < i < s. 


□ 

Corollary 2. Any bundle F^/F^-i is a bundle trivial on lines twisted by the 
line bundle Ox^iai). 




Indeed, from the construction of the flag of subbundles Em it follows that 
the restriction of Fi/Fi-i to any line I G Bm is equal to riOpi{ai) for 1 < i < s. 
In other words the bundle Fi/Fi-i ® Ox^{—a‘i) is trivial on lines. 

Remark 1. Subbundles Fi of the bundle Em in Theorem 5 are defined in a 
unique way. This follows from the fact that any vector bundle E on a projective 
line has a canonically defined filtration 0 = Fq G Fi C F 2 C ... C Fs = Em 
such that Fi/Fi-i is isomorphic to riO{ai) where ai > 02 > ... > Os- 

Using the fact that the flag of subbundles 0 = Fq G Fi G F 2 G ... G F^ 
constructed in Theorem 5 does not depend on m, and using the linearity of the 
ind-variety X = lirpXm we get the following corollary from Theorem 5. 

Theorem 6. Let iX. be a complete intersection in the linear ind-Grassmannian 
G and let F be a uniform bundle on X. Then there exists a flag of subbundles 

0 = Fo C Fi C ... C Fs = E 

such that any quotient bundle Fi/Fi_i is a bundle trivial on lines twisted by a 
line bundle. 


4. A criterion of triviality of bundles trivial on 
lines 

The goal of this section is to prove Theorem 7 which gives a criterion for a 
bundle trivial on lines to be trivial. 

Let X be a normal projective variety and E a be vector bundle on X. Let Y 
be the Fano scheme of lines on X. Let Z G X xY he the universal line. Denote 
the projections to Y and to X by tt and p respectively. Note that tt : Z ^ Y is 
a P^-bundle. Consider the scheme 


Zi = Z Xy Z . 

It parameterizes lines on X with pair of points on them. Let pi,p 2 ■ Zi ^ X 
be the compositions of the projections , Pr 2 ■ Zi ^ Z with the map p : Z ^ 
X. Further, we define inductively the variety 

Zn+l — Zn Xx Zi^ 

with projections pi : Zi —^ X h Pn +2 ■ Zn+i —^ X, using the following diagram: 
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Finally, for a point x & X we define 


Znix) :=Pi ^(a:). 

The projection Zn{x) —^ X induced by the projection Pn+i ■ Zn ^ X will 
be denoted by fx,n- 

Lemma 3. Let E be a vector bundle on X trivial on lines. Then on Z\ we have 
an isomorphism p\E = p^E. 

Proof. First consider the vector bundle p*E on Z. Since E is trivial on lines, 
it is trivial on all fibres of tt : Z —F. Since the latter is a P^-bundle, it follows 
that p*E = tt*E for some vector bundle F on Y. Now consider the diagram 



We have 

pIE = qlp*E ^ qln*F ^ qln*F ^ q^p*E ^ p^E, 
which proves the Lemma. □ 

The next step is the following 

Lemma 4. If E is trivial on lines then for each n > 0 the bundle f* ^E on 
Zn{x) is trivial. 

Proof. We argue by induction on n. For n = 1 we have 

f:^,E = = ExZ) Oz,(x) 

since the composition Zi{x) C Zi X factors through the point x. This 
justifies the base of the induction. 

Now assume that the claim is true for some n. Then for n + 1 consider the 
diagram 



which proves the Lemma. □ 
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Now we can finish by the following argument 

Theorem 7. Assume that X is normal and for some n > 0 and some point 
X € X the map fx,n '■ Zn{x) X is dominant and has connected fibers. Then 
any vector bundle on X trivial on all lines is trivial. 

Proof. Assume that fx^n is dominant and has connected fibers. Then {fx,n)*Oz„(x) 
Ox since X is normal. Hence, by projection formula we have 

{h,n)*flnE = E® ifx.n)*Oz^(x) =E(g>Ox=E. 

Finally, by Lemma 3 we have fn^xE = hence 

Comparing these two equalities we see that E is trivial. 

□ 


5. Splitting of the bundle E 


To hnish the proof of splitting of the bundle E on the variety X we apply 
Kodaira vanishing theorem [3] . 

Theorem 8. Let X be a smooth projective variety and let L be an ample line 
bundle on it. Then for any q > 0 we have H'>(X, Kx 0 L) = 0. 

Recall the following standard fact. 


Theorem 9. Let X be a complex projective variety and let E be a vector bundle 
on X with a subbundle F. Suppose that E[^{{E/F)*®F) = Q then E = F(BE/F. 


Recall as well the formula for the canonical class of the Grassmannian 
G{k,n): 


EG(k,n) = OG{k,n){—'n-). 


Recall the adjunction formula 


Theorem 10. Let X be a smooth variety that is a complete intersection of 
G{k,n) with a finite collection of smooth hypersurfaces yi,...,yi of degrees 
di, ...,di correspondingly, and let d = Efci Then we have Kx = KG(k,n) G 
0{di + ... + di) = 0{d-n). 

Recall finally that in the case when the number I of hypersurfaces is less 
than dimG(A:,n) — 2 (i.e., dimX > 2) by Lefschetz hyperplane theorem ([.5], 
Theorem 3.1.17) we have Pic{X) = Pic{G{k, n)) = Z. 

Corollary 3. Consider on X the bundle L = 0{r). Ifr > d—n thenH^{L) = 0. 

H^(Ox{d — n + r)) = 0 for all r > 0. In particular for n 3> 1, d = 2 we 
have H^{Ox{cl)) for all a > 0. 
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Theorem 11. Let X be an ind-variety and 'E be a vector bundle on it. Let 0 = 
Fq C Fi C ... C Fs = E 6e a flag of subbundles such that each bundle Ei/Ei-i 
is a twist of a bundle trivial on lines by a line bundle. Then E = 0iEi/Fi_i. 

Proof. Let us show that there is M G Z+ such that for any m> M the restric¬ 
tion of the bundle E on Xm splits as a snm 0iEi/Ei_i|x™ of corresponding sub¬ 
bundles on Xm. Namely, chose M such that d — um < 0. We will establish this 
splitting by induction in i. Suppose it is proven that Fi_i = 

Qj-i > Qj. Then Fi is an extension of the bundle by ViOa^. To prove that 
Fi splits it is enough to know that 

H^{riO{-ai) (g) ^ rjO{aj)) = 0. 

The latter holds by Corollary 3 since aj — ai > 0 > d — um for any j < i. 

□ 


6. Proof of Theorem 1 

In this section we prove Theorem 1. 

Since the bundle E is uniform we can apply Theorem 6. It follows that each 
quotient bundle Fi/Fi_i for 1 < i < s is a twist of a bundle trivial on lines by 
a line bundle. 

Set in Theorem 7 n = km and apply it to X = Xm (a complete intersection 
in G{km,nm))- Then the fibre of the morphism fx.k^ over y G Xm is the space 
of paths of length km on Xm that start at x and finish at y. In Corollary 1 
set X = Xm (recall that Xm = G{km,nm) C Hti ^.m). Then for a sufficiently 
large m such that km and Um satisfy the inequality -f 1) < < [^] 

where di = degYi^m, we deduce that the space of paths Pk^(x,y) connecting x 
with y on Xm is non-empty and connected. Hence the fibres of the morphism 
fx,km are non-empty and connected, in particular fx,km is dominant. 

So the conditions of Theorem 7 hold for Xm- It follows that any vector 
bundle on X trivial on lines is trivial. So each Fi/Fi_i is a twist of a trivial 
bundle by a line bundle. 

Finally, using Theorem 11 we deduce that the bundle E is a direct sum 
E = 0iFi/Fi_i. This proves Theorem 1. 

□ 
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